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Abstract—Fast implementations of the SParse Iterative
Covariance-based Estimation (SPICE) algorithm are presented
for source localization in passive sonar applications. SPICE
is a robust, user parameter-free, high-resolution, iterative and
globally convergent estimation algorithm for array processing.
SPICE offers superior resolution and lower sidelobe levels for
source localization at the cost of a higher computational complex-
ity compared to the conventional delay-and-sum beamforming
method. It is shown in this paper that the computational
complexity of the SPICE algorithm can be reduced by exploiting
the Toeplitz structure of the array output covariance matrix using
the Gohberg-Semencul factorization. The fast implementations
for both the hydrophone uniform linear array (ULA) and the
vector-sensor ULA scenarios are proposed and the computational
gains are illustrated by numerical simulations.

Index Terms—Sparse Iterative Covariance-based Estimation,
direction-of-arrival, fast implementation, Gohberg-Semencul fac-
torization, vector-sensor.

[. INTRODUCTION

The direction-of-arrival (DOA) source localization problem
is directly applicable to many fields including radar, sonar,
communications, the geological and biomedical sciences. The
goal of the DOA problem in passive sonar applications is to
accurately locate all sources with an array of hydrophones.
The traditional delay-and-sum (DAS) beamformer suffers in
performance due to high sidelobes, low resolution. Many
high-resolution methods such as Capon and MUItiple Slgnal
Classification (MUSIC), are typically sensitive to modeling
errors, require a large number of snapshots, and can even fail
if coherent sources are present [1].

Recently, a new semi-parametric algorithm referred to as
SParse Iterative Covariance-based Estimation (SPICE), has
been proposed [2], [3]. SPICE offers superior resolution and
low sidelobe levels while retaining robustness against cor-
related sources [3]. It is also a user parameter-free method
that is guaranteed to converge globally. SPICE suffers from
higher computational complexity when compared with the
DAS method.

In this paper, an efficient implementation of SPICE based
on the Gohberg-Semencul (G-S) factorization is presented,
which is inspired by previous fast implementations on Capon
and Amplitude and Phase EStimation (APES) methods [4],
[51, [6], [7], [8]. The Toeplitz matrix structure produced by
the G-S factorization of the inverse of the SPICE covariance

This work was supported in part by the Office of Naval Research (ONR)
under Grant No. N00O14- 10-1-0054, the National Science Foundation (NSF)
under Grant No. ECCS-0729727, and the SMART Fellowship Program.

matrix R&l is exploited while applying a Levinson-Durbin
type algorithm (see e.g., [9]).

A typical vector-sensor array measures both acoustic par-
ticle velocities and acoustic pressure. It is capable of resolv-
ing bearing ambiguity of the linear hydrophone arrays and
simultaneously estimating azimuth and elevation angles of
signals of interest (SOIs) at the cost of a higher dimensionality
(i.e., higher computational complexity, [10], [11]). The fast
implementation of SPICE is also extended to the vector-
sensor array scenario by exploiting the block Toeplitz structure
(e.g., [12]) of the array output covariance matrix using G-
S type factorization based on a generalized Levinson-Durbin
algorithm (LDA) and fast Fourier transform (FFT).

Notation: Vectors and matrices are denoted by boldface
lowercase and boldface uppercase letters, respectively, || - || ¢
denotes the Frobenius norm, & denotes the Kronecker matrix
product, Diag(po, ..., px—1) denotes a diagonal matrix with
Do, - - -, Pr—1 as its diagonal elements. ()7, (-)* and (-)¥ de-
note the transpose, complex conjugate and conjugate transpose
of a vector or matrix, respectively. I, and J,, denote identity
matrix and exchange matrix of dimension p X p, respectively.

II. DATA MODEL AND PROBLEM FORMULATION

Let a uniform linear array (ULA) of M omnidirectional
sensors with half-wavelength inter-element spacing receive
narrowband signals impinging from the sources with unknown
locations. Let €2 denote the set of possible locations, and 6 be
a generic location parameter. Also, let {Gk}kK:BI denote a grid
that covers (2. The M x 1 complex snapshot vectors can be
modeled as (e.g., [2])

ym(n) =Aux(n)+e(n), n=1,...,N, (1)
where Ay = [an(00), ..., an (Or—1)] is
the steering matrix where each steering vector
a]\’[(gk) Y [17 eim sin(&k)7 o 6jﬂ'(M—l) sin(Qk.)}T is

parameterized by the location parameter 6. The vector
x(n) £ [xo(n),...,xx—1(n)]7 contains the K unknown
complex signals, and e(n) is the noise term. We assume
that [e(n)eH(ﬁ)} = 0Ip0n,5, where 6,7 = 1if n =n
and 0 otherwise. Let us further assume that e(n) and x(n)
are independent, thus F [x(n)xH (ﬁ)] = Pk, n, where
Px £ Diag(po,...,px—1) and pj denotes the unknown
signal power at 6. This leads to the covariance matrix of
yu(n) (eg. 21, [3)

Ry 2 Ay Pr Al + 0Ty (2)
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This covariance matrix is traditionally estimated by the
sample covariance matrix Ry, = £YYH where Y £

ym(1),...,ym(N)].
III. THE SPICE ALGORITHM

SPICE is a recently introduced method for sparse signal
recovery in linear models derived from a robust covariance
fitting criterion. It does not depend on any hyperparameters
and achieves better performance than the well-known methods
such as MUSIC [2], [3]. In the particular case of spatially and
temporally white uniform noise (i.e., E [e(n)e (n)] = oIy
), the iterative steps of the SPICE method (SPICE+ as named
in [3]) are summarlzed as follows:

Initialize {pk (00 K ! using DAS. At the ith iteration,

(i—1)yK—1

1) Update R ; using signal power estimates {p,, k=0
and the noise power estimate ¢~1) from the (i — 1)th

iteration:
R{) = Ay PV YA 4 o1y, 3)
where P%_l) = Diag(p(()i_1> p% 11))

2) Using the most recent obtained Rg&) in (3), noise
power estlmate o1 and signal power estimates
{p;, (= 1)}k o', compute the auxiliary variable p()

4 —~ 12 i—1)
P():Zwk/Pl(e
k=0

. i —1 A
2D | RY) R . @

)Tl 1/2
lafi (00)RE RY Il

3) Estimate the noise power:

7 1/2
oo IR R |l

o — 1/2 - ) (5)

4) Update {p,(ci)}K__1 using p( and ¢,

i)l A 2
(0 _ - bl al (0)R) RM I

Py, 1/2 . ) (6)
wy' “p®
for k = 0,1,..., K — 1. The quantities {wk}KJrM L are

constants over all iterations, and they are given by:
wp 2 all (0n)Ryan(0r)/N, k=0,...,K—1,
wK+k—léR&l(k7k)/N7 k:17~'~7M7

where Rz_w (k,k) denotes the element at kth row and kth

column of the matrix RM 7 is given by v = ZK+M L.

The terms | RY) Ry, || » and | afh ()RS Ry |r
listed in the above iteratlve steps ((4) - (6)) have simpler forms:

i)t 1/2 i)t

I RS R HF—NZtr[ 8 yu oyl RS
n=1

Z RY)

M

m(n)?, @)

and similarly,

N
1 )~
Ry 5 = 5 D lafh (O0RE] yar(n).
n=1
®)

| ak (6)RY)

IV. FAST IMPLEMENTATION FOR UNIFORM LINEAR
ARRAYS OF HYDROPHONES

Based on the G-S factorization (e.g., [13]), the inverse
of SPICE covariance matrix Rj; can be represented by a
series of Toeplitz matrices. This factorization improves the
implementation efficiency of the matrix-vector product (i.e.,
Rg\fl) 1yM(n)) in (7) and (8). Moreover, if the spatial fre-
quency f (f £ sind) is uniformly sampled, A ,; is the upper
part of an FFT matrix.

A. Fast computation of the covariance matrix Ry

Define R,; £ AP AL . Since the steering matrix A y;
is a Vandermonde matrix, R, is a Hermitian Toeplitz matrix
and it is fully specified by its first column, which is given by:

K—-1
H H
R, = AvPrAy = E pkaM(ek)aM (gk)
k=0
To T1 TM—1
ry 0 . TM—2
= ) . ) ) . )
* *
"1 TM—2 - 70

From (9), and assume that spatial frequency is uniformly
sampled, each element in (9) is specified by:

K-1

Ton = E pke_]Qﬂmk/K,
k=0

m=1,...,M—1, (10)

which indicates that {rm M—3 are the first M elements of the

K -point FFT of {pk}k:O

By retaining the first M elements of the FFT result, R,
can be computed using FFT within O(Klog,(K)) flops.
Consequently, the first column of Ry, can be obtained by
adding o to 7o (see (3)).

B. Fast Computation of R}y (n)
Once the first column of R is available, the vector d s (n)
involved in the linear equation
Ry (n)du(n) = yar(n), (11)

appeared in (7) and (8) can be solved using the G-S factor-
ization and the LDA.
Consider the partitioning of Ry:

H
ro+o  Ty_q

Ry = 12

M [ ry-1 Ry (12)
Ry 1ty

_ , 13

[ rf/l 1 Toto (13)

where 71 [75,75,...,r%, )T, and ¥pr_1 denotes

the reversed row ordering version of rp;_j, ie., Ty—1 =

Invarn—r = [ry_q, - ~77’§:7“T]T~
The G-S formula (see e.g., [4], [14]) of R;} is given by:
R,/ = Lar(t1, Zn) LY (61, Zar)

— L (b, Zag ) LE (62, Znr),

where Zjs'is an M x M matrix with ones on the
first sub-diagonal and zeros everywhere else, t; =

(14)

'In MATLAB: Z is generated by diag (ones(M, 1), —1).



TABLE I
LEVINSON-DURBIN ALOGRITHM FOR GENERATORS W¢ AND «v¢.

o
1

Initialization: —
rot+o

wp = — and oy =719 + 0 + riwy

Fort=2,...,M —1

—wT .
Y1 =w;_Jiare—1 + 1}

I = 1 Jiawy
0 1

ar=ap1 — [the—1|* /a1

:| Yr—1

\/OCL—A (1, WMfl]T’ ty = \/ﬁ [0, Jnr—1wih, 1]T, and
Ly(t,Z) £ |t,Zt,--- ,ZM~1t| denotes a Krylov matrix.
The recursive LDA algorithm to compute the generators
wpys—1 and aps—1 is summarized by Table I and proved in
detail in [15].

Note that in (14) both Lys(t1,Zas) and Ly (t2, Zys) are
lower triangular Toeplitz matrices, which makes possible the
computation of matrix vector product R;ij(n) in (11)
using FFT ([15]).

The fast implementation of SPICE for hydrophone ULAS is
summarized as follows:
For each iteration of SPICE, do the following:
1) Given {p% l}kK 01 from the previous iteration, compute
{rm M-} in (10) using FFT with O(K log, K) flops.
2) Given {7m}m - compute the generators wjy;_; and

apz—1 using LDA detailed in Table I with O(M?) flops.

3) Given the generators, calculate {Rs\?_lyM (n)}N_, in

(7) using FFT with O(M N log, M) flops.
4) Given {Rg\?ilyM(n) N

{aﬁ(@k)Rg\?ilyJ\J ()IN_1 7' in (8) using FFT
with O(NK log, K) ﬂops

calculate

5) Given = {Rx} yar(n) and
{aﬁ(gk)RS\/f) yau () ot calculate
| RY) Ry e in (7) and || aff(00)RS) RY? ||

in (8) with O(]VI N) and O(NK) flops, respectlvely.

6 Given || RY) Ry |l and || aff GRSy Ri(” .
calculate p m (9( ) flops.

7) Given || RM R HF, calculate ¢ in O( ) flops.

8) Given || all (6x)R 5&) R}V/f | r, update {p\”" 11 in

O(K) flops.

V. FAST IMPLEMENTATION OF SPICE FOR UNIFORM
LINEAR ARRAYS OF VECTOR SENSORS

A. Computation of the Block Toeplitz Covariance Matrix in
Vector-sensor ULA

A vector-sensor array provides extra directional motion
information such as acoustic particle velocity or acceleration
in addition to the acoustic pressure measurements. A typi-
cal measurement from a single vector-sensor consists of the
acoustic pressure and the orthogonal directional velocities; and
it can be denoted as a scalar-vector product p - h (see, e.g.,
[10], [11], [16])), where

T
h 2 |1, cos¢cosh, cosgsinb, sinqﬁ] , (15)

and ¢, 0 denote the elevation and azimuth angles, respectively.
In the general case, denote h in (15) as,
T
hp(6;) 2 [1, ha(6:), ... hD(Gi)] (16)
where hg(0;) denotes the dth element in hp(6;), d =
2,...,D, and 0; denotes a generic bearing parameter (the
vector (6, ¢) in the special case of (15)). The steering vector
(apar) of a vector-sensor array is related to the steering vector
(aps) of the hydrophone array (which consists of only the
hydrophones within the vector-sensor array) as:

apy(0i) = an(0;) @ hp(6:). (17

Consider an M -element vector-sensor array, where each el-
ement consists of one hydrophone and (D — 1) acoustic
velocity sensors. Each measurement from this array forms a
DM x 1 column vector y ps, and the array output covariance
matrix is a DM x DM matrix RDM. Analogous to the
hydrophone scenario, this covariance matrix is estimated by
the sample covariance matrix R pn- In the SPICE algorithm,
the covariance matrix Rpy; is updated during each iteration
whenever new signal power estimates {pk}i{:_ol are generated,

K—1
Rpu = Z prapu (Ox)apy (k) + olpn (18)
k=0

Ro R R Ry

R; Ry, R, Ry
= R} Ri  Ro +olpu,

Ry1 Ry Ro
(19)
Analogous to (10), form =0,..., M — 1,
K—1 _

R, — Z Ph (hD(ek)h?;(@k))67‘72’”"’“/}(, (20)

k=0

From (16) and (20), each block R,, is a symmetric matrix,
and it is possible to calculate its elements using FFT.

B. Displacement Representation of Ry},

Given the block Toeplitz covariance matrix R DM, the
generalized LDA can be performed to compute the generators
of displacement /7, zT RDM

According to the Toeplitz block structure of R piy in (19),
it can be expressed as

~ Ry RY
Rpy = | = _D(M-1) } @21)
P { Rpw-1y Rpar-1
Rpoar-1) Rpor—1)
= 5 ' (22)
{ Rg(M—l) Ro

block matrix ofA dimen-
JRENT and Rp, =

where Rp,, and RDm denote
sion Dm x D: Rp, = [RI,...
JDmﬁ,’bmJD, m=1,....M —1.
Application of the matrix inversion lemma (e.g., [17]) for
partitioned matrices to (21) and (22) yields, respectively:



TABLE II
L-D-TYPE ALGORITHM FOR GENERATORS Bp,,, AND A, .

Initialization ~ Bpy = RglR; and A; = Ro — RI'R; 'Ry
Form=2,....M —1
Qn=A0", [Rm FBL 1y R 1)}
0 B
BDm = +JDm D(m—1) Qm
Bp(m-1) Ip

Ay =Apn_1— QHAT

m=m—1

Qm

- R;L 0 -
RDIV _ { D(Sf[—l) 0 } +BDMB£IM (23)

0 0 L
= - + Apn AR (24)
l: 0 RD%M—I) :| by

where both Apy; and Bpas are block matrices of dimension
DM x M, given by:

T In ~1/2
Apy 2 ke 25
ou { Ap(ar-1) } M 2
Bpu = [ Lu } w2 (26)

' Bpai-1) M=1

respectively, where

Ap-1) = *RB}M,l)ﬁD(M—m 27
Bp-1) = _RB%M,D?%D(IM—IM (28)
Qu1 = Ro+ R 1y Api-1), (29)
An1=Ro+RP 0 1Bpor-1)- (30)

By the persymmetry property of Rou (e.g., [18], [19)),

IpmRpmIpm =Rb,,, m=1,...,M, 31

the matrices Bp(as—1) and Ap(ar—1), An—1 and Qpy1 are,
respectively, related through:

Apr-1) = Ipi-1)Bp—1)Ips (32)

Qu-1=JpAY,_Jp.

By using (23)-(33), the displacement representation (DR)
of RB}W takes the following form:

(33)

-
Vznolp,2T,01 Rpy =

Apm ARy — (Zor @ 1p)Bpu By (23, @ Ip).  (34)

Note that the generators Bps—1) and Ajpr—q of RD M
involved in (34) are all block matrices related to the forward
predictor (23)—(33). These generators can be computed itera-
tively by using the L-D-type algorithm listed in Table II ([15]).

Once the DR of the matrix RB}VI is obtained, the G-
S factorization of Ry}, can be subsequently computed.
Let {t%,,}2, denote the D columns of the Apy; and

{th 1225, denote the D columns of (Zy ® Ip)Bpu.

Columns and rows in (34) can be expressed explicitly as
follows:
2D
2 Z Uit})MtzDh;\h
i=1
,D and 0; = —1 for i = (D +

VZI\/I®ID~,ZI1®IDRB§\I (35)
where 0; = 1 for¢ =1,...
1),...,2D. R
Given (35), the G-S factorization of R}, takes the follow-
ing form:
M1

RB%\I = Z (ZA'[ ® ID)j (VZM®IDsZ}C1®IDRE)§\J)(ZII\1/I ® ID)j

2D M-1
(Zns @ Ip) (th 0t 50 ) (2], ©@Ip) }

2D

=Y oilpum(thar Zar @ Ip) LBy (tpar, Zar ©1Ip),
=1

(36)

where
Lpnm (b, Zn @1Ip)

= |thar (Za @ Ip)toay, -5 (Zm ®ID)A471t37A1]‘

(37

Due to the fact that Lpas(th,,, Zy ® Ip) is a DM x
M lower block triangular Toeplitz matrix, the matrix-vector
product RB%V[yDJW can be efficiently computed using FFT
([15D.
The fast implementation of SPICE with vector-sensor ULAs
are summarized as follows:
For each iteration of SPICE, do the following:
1) Given {p, '}7<," from the previous iteration, compute
the auxiliary block matrix ﬁD(M,l) using a series of
FFT with O(DK log, K) flops.

2) Given R D(M—1), compute the generators Bp(y/—1) and
A1 using the generalized LDA with O(DM?) flops.

3) Given the generators, calculate RE)}V[E})/JQM using FFT

with O(DM? log, M) flops.

4) Given RB}WRE/]@, calculate aDM(Hk)RB}V[lA{}D/]%I, for

k=0,1,...,K —1, using FFT with O(DM K log, K)
flops.

5) Given RB}VIlfllD/if, calculate || RB%MRE/]@ || in
O(D%M?) flops.

6) Given aDM(ek) DA{RD/]%[’ k=0,...,K—1and |

RDMRDM | 7, calculate p in O(K ) flops.
7) Given || RDMRD/M | 7 calculate o in O(1) flops.
8 Given apy (O, R, RYZ, k=0,..., K — 1, update

{p)}iS! in O(K) flops.
VI. NUMERICAL EXAMPLES

In this section, numerical examples are provided to compare
the computational complexity of the direct implementation and
the fast implementations of the SPICE algorithm. Without any
loss of generality, only the estimation of the azimuth angle is
considered herein.

Consider five uncorrelated sources located at 0, = —44.4°,
0y = —36.9° 03 = —32.7° 60, = 11.5° and 65 =
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Fig. 1.  Computational time comparison of the direct implementation of
SPICE and fast implementations (SPICE-GS) for (a) hydrophone ULA and
(b) vector-sensor ULA against the number of sensors M in the array, with
N = 10M available snapshots and K = 10M angular scanning points.

53.1°, respectively. The corresponding signals are z1(n) =
10e61) | go(n) = 32 p3(n) = 10e0), 14(n) =
1.8¢%4(™ and z5(n) = €™, where n € {1,...,N}
denotes the index of the available snapshots. The phase
values {&1(n)},...,{&(n)} are independent and identically
distributed random variables with uniform distribution over
[0, 27). The noise terms are assumed to be circularly symmet-
ric complex Gaussian random variables that are spatially and
temporally white.

Figure 1 compares the computational time required by the
direct implementation and the fast implementation of SPICE
on (a) conventional hydrophone ULA and (b) vector-sensor
ULA for arrays with different number (M) of sensors. The
simulations are implemented in MATLAB® using only one
core of a workstation with an 8-core 2.83 GHz CPU and 8
GB RAM. Both the ULA and the vector-sensor ULA collect
N = 10M snapshots. The number of angular scanning points
is K = 10M, the Signal-to-noise ratio (SNR) is fixed at
5 dB and 40 SPICE iterations are performed. For a large
value of M, the fast implementations provide significant time
reduction compared with the direct implementations, which
makes the fast implementation especially attractive for high
resolution localization applications. Note that the computa-
tional complexity reduction in the vector sensor ULA scenario
is less dramatic than that in the hydrophone ULA scenario.

The displacement rank of the covariance matrix RB}W of
the vector-sensor ULA is 2D instead of 2 in RX/} as in the
hydrophone ULA case.

VII. CONCLUSIONS

We have explored the DOA source localization problem
for hydrophone ULAs and vector-sensor ULAs. The SPICE
algorithm was reviewed and its fast implementations have
been presented. The computational complexity of SPICE was
reduced by exploiting the Toeplitz/block Toeplitz matrix struc-
ture in the SPICE covariance matrix and by utilizing FFT to
compute spectral estimates for ULAs. In the simulations, it has
been shown that a significant computational efficiency increase
is obtained.
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